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Abstract 
In the theory of Frank-Kamenetskii, the values of the critical Frank-Kamenetskii parameter and critical dimensionless temperature were 
obtained at two approximations. As we care more about the spontaneous of organic materials,we want to know how much effect the two 
approximations have for spontaneous combustion of organic materials. Cellulosic materials (such as sawdust) are typical organic 
materials of spontaneous combustion. In this paper, we provide an efficient indirect method to calculate the critical parameters of 
spontaneous combustion of cellulosic materials at different conditions. We can know that, the effect of dimensionless activation energy 
and Biot number to critical Frank-Kamenetskii parameter can be almost offset for cellulosic materials. However, the effect of 
dimensionless activation energy and Biot number to critical dimensionless temperature cannot be ignored. But, as the critical Frank-
Kamenetskii parameter is more useful than the dimensionless temperature, the two approximations can be reasonable for spontaneous 
combustion of cellulosic materials or other materials like them. 
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Nomenclature 
Q the heat release rate density ( 3/W m ) 
A the pre-exponential factor 
R  is universal gas constant (8.314 / ( )J mol K ) 
E the reaction activation energy ( /J mol ) 
Greek symbols 
T  the dimensionless temperature(K) 
G the Frank-Kamenetskii parameter 
1. Introduction 
In the theory of spontaneous combustion, the original form the Frank-Kamenetskii theory [1]  included the model of heat 
transfer (the heat conduction law of Fourier). 
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   The heat release rate density (heat source) Q  can be simplified with chemical kinetics [2] (P. 81). 
 
 0 exp( / )
nQ Q c A E RT    (2) 
Where, Q  is heat source (the heat release rate density 3/W m ); 
0Q  is the reaction heat of system ( /J mol ); 
c  is the concentration of combustible materials ( 3/mol m ); 
A  is the pre-exponential factor; O  is thermal ( / ( )W m K ); 
R  is universal gas constant (8.314 )/ (J mol K ); 
E  is the reaction activation energy ( /J mol ). 
Nondimensionalization: 
Dimensionless variables were defined as follows. 
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Where l  is the characteristic dimension, which is usually one-half of the smallest dimension of the body ( m ); Tf  is the 
ambient temperature ( K ); 1x , 1y and 1z  are the dimensionless coordinates; H  is called as the dimensionless activation 
energy; T  is the dimensionless temperature. 
Considering the transformation 
 
 ( )
1
T TE E E E
RT RT RT T RT
T
HT
f
f f f
         (4) 
 
the original equation can be turned to 
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Where, G  is known as the Frank-Kamenetskii parameter [3] (pp. 191-195).Its expression is shown as follows. 
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As the value of dimensionless activation energy H  tends to be very small (H <<1),dimensionless activation energy H  is 
often set to zero (H  = 0). Then,there is an important dimensionless Frank-Kamenetskii equation 
 
 2 0eTT G    (7) 
 
Boundary conditions: 
In general, the dimensionless boundary conditions at the edge are shown as follows. 
 W
W
Bi
n
T Tw   w  (8) 
 
where, Biot number ( /Bi hl O  ) is the dimensionless measure of the ratio of the resistance to heat transfer within the 
body to that from the surface to the surroundings. h  is the surface heat-transfer coefficient. Thomas [4,5] first pointed out 
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the effect of Biot number to critical parameter. 
As the effect of convection is much greater (which means   Biof ), the temperature at outside boundaries is roughly 
equal to the temperature of the environment. 
 
 0WT   (9) 
 
Then, if boundary conditions are given, whether the dimensionless function is soluble or not is fully decided by the 
dimensionless parameter G .There are different critical values of the Frank-Kamenetskii parameter in different problems. 
Spontaneous combustion would not take place when crG Gd ( crT Td at the same time). crG  and crT are the two critical 
parameters of spontaneous combustion. 
In previous research, Bowes [6] (see also [7]) approximately obtained the values of critical parameters 
crG in several 
typical problems. Roose et al. [8,9,10] provided a direct numerical method for obtaining bifurcation point and successfully 
used it for the critical point of Frank-Kamenetskii equation.Du and Feng [11] successfully obtained the values of critical 
parameters in some typical two-dimensional spontaneous combustion models with direct numerical method. 
However, the values of the critical Frank-Kamenetskii parameter 
crG were calculated at two approximations: (1)   0H ; 
(2)    Biof . However, how much effect does the two approximations have on the values of the critical Frank-Kamenetskii 
parameter 
crG  
In previous research, Britz et al. [12] studied the effect of the dimensionless activation energy H . Balakrishnan et al.[13] 
noticed the effect of Biot number, but ignored the effect of H . Kordylewski [14] studied critical parameters of thermal 
explosion. Babushok [15] studied the critical conditions for thermal explosion with reactant consumption. Obviously, the 
values of H  and Bi  can have great effect on the critical parameters. However, for spontaneous combustion of organic 
materials, as the values of H  and Bi  are limited in certain ranges. The combined effect of H  and Bi  may be different. 
2. Computation of critical parameter 
2.1. Properties of cellulosic materials 
We paid more attention to the spontaneous combustion of organic materials. For typical cellulosic materials (such as 
sawdust), we can obtain the appropriate ranges of H  and .Bi  
(1). Typical reaction activation energy  E of typical cellulosic materials (such as sawdust) is around 100 kJ/mol. Typical 
ambient temperature for spontaneous combustion is about 310 K. So , the value of the dimensionless activation energy  H  of 
the dimensionless activation energy is about 0.02~0.04. 
(2). Typical heat transfer coefficient from smooth solid surfaces is about 1~10 2/ ( )W m K , and thermal conductivities 
of typical cellulosic materials (such as sawdust) are around 0.05 W/(m·K). If the dimension (half size) of spontaneous 
combustion is  l = 1, the Biot number is about 20~200. 
2.2. Indirect numerical method 
In mathematics, the critical Frank-Kamenetskii parameter 
crG is called as bifurcation point (or branching point). There is 
a direct numerical method [8] which can be used for calculating the bifurcation point of Frank-Kamenetskii equation. 
However, as the direct method used is very low-efficienct, we will provide another indirect numerical method. 
From the theory of bifurcation point, the relation between G and 0T  dimensionless temperature at the center of model) 
can be shown as Figure 1 (the data of this figure are obtained with the indirect method of this paper).Ajadi [16] also 
obtained similar curves with approximate analytic method. 
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Figure1:The 0G T  curve of  infinite rectangle rod. 
 
 
From the 0G T curves, we can find that, if 0T is given in advance (for example 0 aT  ),the bifurcation point of 
nonlinear equations would not exist,which means that the solution of nonlinear equations will always exist for different G . 
Then we can correct the G  to make it content with the nonlinear equations. 
MATLAB provided the function x = fminbnd(fun,x1,x2) [17] (P. 126) which can be used to find the minimum of single-
variable function on fixed interval with golden section search and parabolic interpolation algorithm.So it is also a good idea 
for us to use the indirect method. The flow chart (Figure 2) will explain the detailed procedure of the indirect method. 
2.3. Discretization and matrix equation 
The model of infinite rectangle rod is a typical two-dimensional example. We will talk about the effect of dimensionless 
activation energy H  and Biot number  Bi to the critical Frank-Kamenetskii parameter 
crG of this two-dimensional model. 
For infinite rectangle rod problem, the governing equation and typical boundary conditions can be shown as follows. 
Governing equation: 
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Boundary conditions: 
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Where, 1x and 1y are the dimensionless coordinates. 
H  is length-width ratio of the infinite rectangle rod. 
With the help of MATLAB, if we can build matrix equation from the linear or nonlinear equation, we can solve it easily. 
For the governing equation and boundary conditions, the result of discretization will be shown as follows. 
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Figure2:The flow chart of  whole process. 
 
Discretization of governing equation: 
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Considering the symmetry: 
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So there will be a matrix equation. 
 
 AX XB C   (14) 
 
Where 
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For the matrix C : 
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From the indirect method, the equation at point (1,1) is replaced by a special equation 1,1  .aT   So we can get 
 
 1,1 1,2 2,14 2 2d a T T     (21) 
 
The matrix equation is known as Sylvester equation [18]. The function   , ,X sylvester A B C  can be used for 
solving this Sylvester equation. For the nonlinear matrix equation, it also needs iteration to get the solutions.Momoniat [19] 
talked about the application of matrix in Frank-Kamenetskii equation. However, there is a great different between his 
method and ours. 
Discretization of boundary conditions: 
For the discretization of boundary conditions, we consider to use a special second-order difference [20] (pp. 128-142). 
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However, if   Biof , then the boundary conditions would be 
 
 1, , 10, 0I j i JT T     (24) 
2.4. Correction of G  
For different G , we can obtain the solution of T . However, what we want is the G  which can be content with the 
original boundary conditions. So we need correct the G  after each loop of the iteration. 
Considering the symmetry, we sum up the nonlinear equations of governing equation. 
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Then we can correct the δ with the expression as follows. 
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Richardson extrapolation 
For reaching higher accuracy in limited grid, Richardson extrapolation [21,22,23] will be a good strategy. Another 
advantage is that we can firstly obtain the solution of our problems in the coarse grid, which would provide better initial 
values to the finer grid. That will accelerate the convergence of the solution in finer grid. 
The expression of extrapolation is 
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And then, D  is respectively set as 1, 2 and 4. So, we can get 
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3. Results and discussion 
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With the help of MATLAB, the the values of critical Frank-Kamenetskii parameter crG and critical dimensionless 
temperature crT can be easily obtained. 
Firstly, the dimensionless activation energy  H is set as  H = 0. The Biot number is given as 20, 100, 200 and f  
respectively. The results of critical parameters can be shown on Table 1. We can find that, with the increasing of Biot 
number, the values of critical Frank-Kamenetskii parameter crG would also increase. However, the percentage of increasing 
is very small (almost 10%). Whereas, Biot number has little effect on the value of the critical dimensionless temperature 
crT . 
Secondly, the Biot number is set as  Bi = 0. The dimensionless activation energy H  is given as 0, 0.02, 0.03 and 0.04 
respectively. The results of critical parameters can be shown on Table 2. We can find that, with the increasing of 
dimensionless activation energy H , the values of critical Frank-Kamenetskii parameter crG would also increase. However, 
the percentage of increasing is very small (less than 5%). But, the effect of H  to the critical dimensionless temperature 
crT is far greater. 
 
  Table 1: The effect of Biot number to critical parameters. 
 
, BiH  H=1 H=2 H=5 
crG  crT  crG  crT  crG  crT  
0, 20BiH    1.5465 1.3900 0.9777 1.3738 0.8172 1.2953 
0, 100BiH    1.6684 1.3919 1.0473 1.3740 0.8805 1.2931 
0, 200BiH    1.6850 1.3920 1.0567 1.3739 0.8891 1.2927 
0, BiH  of  1.7018 1.3920 1.0663 1.3738 0.8978 1.2923 
 
 
 
  Table 2: The effect of dimensionless activation energy H  to critical parameters. 
 
, BiH  H=1 H=2 H=5 
crG  crT  crG  crT  crG  crT  
0, BiH  of  1.7018 1.3920 1.0663 1.3738 0.8978 1.2923 
0.02, BiH  of  1.7183 1.4960 1.0761 1.5019 0.9038 1.5579 
0.03, BiH  of  1.7265 1.5503 1.0811 1.5705 0.9068 1.7049 
0.04, BiH  of  1.7346 1.6064 1.0860 1.6415 0.9099 1.8531 
 
Typical values of critical Frank-Kamenetskii parameter crG was obtained at the conditions 0H   and   Biof . Table 3 
shows the combined effect of Biot number and dimensionless activation energy. For the critical Frank-Kamenetskii 
parameter crG of cellulosic materials, the effect of H  and  Bi  can be almost offset. However, as the effect of H  to the 
critical dimensionless temperature crT is far more great than Biot number. The value of critical dimensionless temperature 
crT is easily affected by H . 
 
  Table 3: The combined effect of Biot number and dimensionless activation energy H . 
 
, BiH  H=1 H=2 H=5 
crG  crT  crG  crT  crG  crT  
0, BiH  of  1.7018 1.3920 1.0663 1.3738 0.8978 1.2923 
0.03, 100BiH    1.6926 1.5505 1.0619 1.5704 0.8895 1.7023 
 
4. Summary 
In this paper, in order to know the combined effect of two approximations to critical parameters in the spontaneous 
combustion of cellulosic materials,we developed another indirect method to calculate the values of critical parameters of 
spontaneous combustion. With the help MATLAB, the effect of dimensionless activation energy  H  and Biot number to 
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critical parameters crT and crG can be obtained. From the results, we can know that 
 
(1). Bother the dimensionless activation energy ε and the Biot number have little effect on the value of critical Frank-
Kamenetskii parameter. Moreover, the effect of H  and Bi  can be offset partly. 
(2).The effect of H  to the critical dimensionless temperature crT is far more great than Biot number. 
 
In the theory of Frank-Kamenetskii for spontaneous combustion, the critical Frank-Kamenetskii parameter crG is much 
more important than dimensionless temperature crT . For the cellulosic materials, as the effect of H  and Bi  can be almost 
offset, if we want to calculate the value of critical Frank-Kamenetskii parameter, the effect of dimensionless activation 
energy H  and Biot number can be ignored. However, for the dimensionless temperature crT ,the effect of dimensionless 
activation energy H  and Biot number cannot be ignored. 
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